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Abstract  The solutions of dynamic optimization problems are usually very difficult due to their highly nonlinear 
and multidimensional nature. Genetic algorithm (GA) has been proved to be a feasible method when the gradient is 
difficult to calculate. Its advantage is that the control profiles at all time stages are optimized simultaneously, but its 
convergence is very slow in the later period of evolution and it is easily trapped in the local optimum. In this study, 
a hybrid improved genetic algorithm (HIGA) for solving dynamic optimization problems is proposed to overcome 
these defects. Simplex method (SM) is used to perform the local search in the neighborhood of the optimal solution. 
By using SM, the ideal searching direction of global optimal solution could be found as soon as possible and the 
convergence speed of the algorithm is improved. The hybrid algorithm presents some improvements, such as pro-
tecting the best individual, accepting immigrations, as well as employing adaptive crossover and Gaussian mutation 
operators. The efficiency of the proposed algorithm is demonstrated by solving several dynamic optimization prob-
lems. At last, HIGA is applied to the optimal production of secreted protein in a fed batch reactor and the optimal 
feed-rate found by HIGA is effective and relatively stable. 
Keywords  genetic algorithm, simplex method, dynamic optimization, chemical process 

1  INTRODUCTION 

Chemical processes are often described by a 
group of differential algebraic equations (DAEs). Dy-
namic optimization problems are encountered in a large 
number of chemical engineering applications aiming 
to optimize a predefined performance index, such as 
profitability or productivity, subject to safety or envi-
ronmental specifications over a time interval by con-
trolling operation variables [1-3]. 

A typical dynamic optimization problem for a 
continuous process is described as 
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subject to the dynamics of the process, described by a 
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where x(t) is the state variable, u(t) denotes the control 
variable, J is the performance index, t0 is the initial 
time, tf is the final time, Φ is a penalty function for the 
final state x(tf) at tf, Ψ is a function to weigh the state 
path traveled and the control sequence used, φ is the 
differential equation constraints, and ϕ is the algebraic 
equation constraints, assumed to be index one. Initial 
conditions are specified in order to assure the solv-
ability of the DAEs: x(t0) = x0. 

Several methods to solve the dynamic optimiza-
tion problems have been reported in literature [4-11]. 
Gradient algorithms based on the Hamiltonian func-
tion, such as the conjugate gradient method and the 
steepest descent method, have been proved to be reli-
able. However, when solving dynamic optimization 
problems in chemical processes, the gradient informa-
tion is sometimes unavailable. Dynamic programming 
(DP) and some intelligent optimization algorithms, in-
cluding genetic algorithm (GA), ant-colony algorithm 
(ACA) and particle swarm algorithm (PSA) have been 
proved to be feasible methods when the gradient is 
difficult to calculate [12-21]. DP methods rely on 
Bellman’s optimality conditions. It is a successful 
method for solving dynamic optimization problems, 
except for the dimension curse, which impairs the ap-
plicability of this method. To overcome this drawback, 
iterative DP (IDP) has been proposed by Mekarapiruk 
and Luus [8]. IDP reduces the expansion of dimension 
and promotes the reliability of the solution through 
iterative computation, but the high computational cost 
for systems involving a large number of DAEs re-
stricts its use to problems on a small scale. Rajesh et 
al. [13] utilizes the ant colony framework to solve dy-
namic optimization problem. The framework is char-
acterized by six dynamic benchmark examples with 
varying degrees of complexity. The method is easier to 
implement than IDP, but at the cost of solution accu-
racy. In the iterative ACA (IACA) proposed by Zhang 
et al. [17], the basic principle is the iterative execution 
of the ACA and the gradual approximation of the  
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optimal control profile. In a new charged ACA pro-
posed by Tfaili and Siarry [18] for continuous dynamic 
optimization, the diversification in the ant population 
is maintained by the repulsive electrostatic charge of 
each ant, which allows these ants to keep some dis-
tance from one another. 

When GA is used for solving dynamic optimiza-
tion problems, its advantage is that with crossover and 
mutation operators, control profiles at all time stages 
are optimized simultaneously. The major problem of 
GA is that it may spend a lot of time to find the optimum 
value as dynamic optimization problems are usually 
more complex than static optimization problems, and 
it may be trapped in the local optimum. In this paper, a 
hybrid improved genetic algorithm (HIGA) is proposed 
to overcome these defects. In HIGA, simplex method 
(SM) is introduced to do local search for the best chro-
mosome in the evolution process of GA. Some im-
provements, such as protecting the best individual, 
accepting immigrations, as well as employing adap-
tive crossover and Gaussian mutation operators, are 
also presented to overcome the slow and premature 
convergence of GA. HIGA is applied to some bench-
marks to demonstrate its efficiency and effectiveness 
for dealing with dynamic optimization problems. 

2  THE SIMPLEX METHOD 

In the later period of evolution, GA has a very 
slow convergence speed. To overcome the defects in 
local search by GA, SM is implemented to improve 
the search speed. SM is a classical powerful local de-
scent algorithm, without the use of objective function 
derivatives [22]. SM is a local search technique that 
uses the evaluation of the current dataset to determine 
the promising search direction [23-26]. A simplex is 
defined by a number of points equal to one more than 
the number of dimensions of the space. SM searches 
for an optimal point by evaluating a set of points form-
ing a simplex and continually forming new simplices 
by replacing the worst point in the simplex over the 
centroid of the remaining points. 

 
Figure 1  The vertex in simplex method 

Step 1. The simplex begins by choosing d + 1 
vertexes in d-dimensional space. 

Step 2. Let XW denote the vertex with the worst 
evaluation and computes the centroid XC of the re-
maining vertexes. Let XB denote the vertex with the 
best evaluation and XO denote other vertexes. Thus 
f(XB)< f(XO)< f(XW). 

Step 3. Through a sequence of elementary geomet-
ric transformations (reflection, contraction, expansion 
and multi-contraction), the initial simplex moves, ex-
pands or contracts (see Fig. 1). After each transformation, 
the current worst vertex is replaced by a better one. 

The worst vertex XW is reflected across XC to ob-
tain a new point XR. 
Reflection:  R W C W( ), 1X X X Xα α= + − >   (3) 

Expansion:  E W C W( ),X X X Xβ β α= + − >   (4) 

Contraction 1: S W C W( ), 1X X X Xγ γ= + − <   (5) 

Contraction 2:  S W C W( ), 1X X X Xλ λ α′ = + − < <  

(6) 
If f(XR)< f(XB), an extension is made to point XE. 

We then keep XR or XE as a replacement for XW that 
depends on which function value is lower. 

If f(XR) > f(XB), a contraction is made to point SX  
or SX ′  depending on which is lower,  f(XW) or f(XE). 

If f(XS) or S( )f X ′  is higher than f(XB), the con-
traction fails and then we perform shrinkage operation. 
The shrinkage operation reduces the size of the sim-
plex by moving all but the best point XB halfway to-
wards the best point XB. The algorithm then evaluates 
function values at each vertex and returns to the re-
flection step to start a new iteration. 

In HIGA, another reflection point RX ′  is added to 
reduce the number of contraction. And this can increase 
the opportunities of the worst vertex XW being re-
placed by the point on the other side of centroid XC: 

R W C W( ),X X X Xη α η β′ = + − < <      (7) 
Step 4. This cycle iterates, until the step size be-

comes less than a predetermined value or the simplex 
finds a better vertex than the worst vertex. 

The performance of local search is illustrated by 
four case studies in Section 4.5. 

3  HYBRID IMPROVED GENETIC ALGORITHM 

Referring to Eq. (1), the objective is to find the 
profile of the control variable u(t), which optimizes 
the objective function. The “unknowns” in this opti-
mization problem are differential state variables x(t) 
and control variables u(t). In this work, the time interval 
[t0, tf] is uniformly divided into n stages, so the ith 
time stage is [ti−1,ti] (i = 1,2, ,n), where t0 = t0 and 
tn = tf. At the ith stage [ti−1,ti] (i = 1,2, ,n), control 
variable u(t) is approximate to a constant ui(i =  
1,2, ,n), so the control profile is u1,u2, ,un. GA is 
to search the best control profile of this discrete time 
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system as an approximation of the continuous problem. 
The construction of a typical control profile is il-

lustrated with an example. For a control profile with 
only one control variable at n = 5, the typical chromo-
some is shown in Fig. 2. For more control variables, 
the chromosome will be more complicated. For exam-
ple, for a control profile with two control variables at 
n = 5, the typical chromosome is as shown in Fig. 3. 

 
Figure 2  A typical chromosome of one control variable at 
n = 5 

 
Figure 3  A typical chromosome of two control variables at 
n = 5 

In order to improve the local fine tuning capabil-
ity of GA and quicken the convergence rate, GA is 
combined with SM and cultural algorithm (CA) to 
form a hybrid optimization algorithm. The detailed 
process of our HIGA is as follows. 

3.1  Normalization for population 

Combined with the normative knowledge in CA, 
some constraint conditions are set to make sure no in-
valid solutions in the population. The normative knowl-
edge regulates the search region and ensures the evo-
lution in the optimal regions. At the kth step of iteration, 
the searching region of the control variable u is denoted 
by ( ) ( )

maxmin[ , ]k k
iiu u  in the ith time stage ( 1,2, ,i n= ). 

At the beginning of iteration, that is, 

When 0k = ,   (0)
minmin , 1,2, ,iu u i n= =      (8) 

(0)
max max , 1,2, ,iu u i n= =      (9) 

And the initial search width of u(i) will be 
(0) (0) (0)

max min , 1,2, ,i i iw u u i n= − =       (10) 

During iterations, ( )
min
k

iu  and ( )
max
k

iu  will change and the 

search width ( )k
iw  will decrease. 

The immune operators in the artificial immune 
algorithm (AIA) are introduced in HIGA to make the 
individuals search in feasible region. Immune opera-
tors include vaccination and immune selection. (1) 
Vaccination. Some genes in the individuals are modi-
fied according to the normative knowledge. When the 
gene is out of the searching region, it is forced to the 
border of the search space. (2) Immune selection. Test 
the vaccinated individual to find out if the fitness of 
the vaccinated individual increases. When the fitness 
of the vaccinated individual is larger than the fitness 
of the original individual, replace the original indi-
vidual with the vaccinated one. 

3.2  The elitist strategy 

Elitism reservation strategy is adopted by trans-
ferring the best chromosome of each generation to the 
next generation. And a new elitist strategy is presented, 
which leads in a new individual in generation. First, 
we calculate individual fitness in the current popula-
tion and find the optimal and the worst individuals. 
Then, a new individual is added to ensure that it has 
much difference from the optimal individual. The new 
individual is obtained by a mutation of the best indi-
vidual. At last, if the fitness of the new individual is 
larger than the worst one, the worst individual is re-
placed by the new one. The optimal individual and the 
new lead-in individual are added in the population 
after the selection, crossover and mutation. 

3.3  Adjustment of population 

Considering that the changing trend of the opti-
mal control profiles is monotonic in many actual 
chemical processes, some monotone increasing and 
monotonic decreasing individual are added in the 
population. If the fitness of a monotone increasing or 
decreasing individual is larger than the average fitness 
of the population, this individual can be reserved. 
Thus there is great probability to find better solution 
in the early evolution, and it will improve the average 
fitness of the population. 

The adjustment of population is only carried out 
in the early evolution to speed the searching. The 
monotone increasing and monotonic decreasing indi-
vidual are obtained from the best individual by bubble 
sort method. Taking monotone increasing as example, 
bubble sort method is operated: former next, then 
compare two adjacent genes on the chromosome. If 
the former is larger than the latter, the two genes are 
exchanged, and then continue later operation. If the 
fitness of a monotone increasing or decreasing indi-
vidual is larger than the fitness of the worst individual, 
this individual is reserved and added in the population 
after the selection, crossover and mutation.  

If there is no exchange of gene location in a trip 
to the sorting, the bubble sort can be ended after this 
trip. Thus we introduce a variable “exchange”. Before 
every trip to the sorting, the variable “exchange” is 
“False”; if exchange occurs in the sorting, it becomes 
“True”. After each trip, we check the variable “ex-
change”, and if it is “False”, the bubble sort is over. 

3.4  Genetic operations 

3.4.1  Roulette selection 
The roulette selection approach is applied for the 

selection operation in HIGA. A random number is 
generated, and the individual whose segment spans the 
random number is selected. The process is repeated 
until the desired number of individuals is obtained. The 
probability of the selection of an individual depends 
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on the relative fitness of individual. The individuals 
with higher fitness have a greater probability of sur-
vival. The probability of individual j being selected is 

s

1

, 1,2, ,j
j M

j
i

f
P j M

f
=

= =

∑
        (11) 

where fj is the fitness value of individual j. And the 
fitness value f is calculated in HIGA according to 

, if the objective is to maximize
1/ , if the objective is to minimize

J J
f

J J
⎧

= ⎨
⎩

  (12) 

3.4.2  Adaptive crossover 
Crossover is used to recombine genetic material 

in two parent chromosomes to produce two child 
chromosomes that share the characteristics of their 
parents. In order to expand the search region in the early 
evolution, a good crossover operator should make the 
father and the offspring individuals have much differ-
ence. With the evolutionary generation increasing, the 
differences should be gradually narrowed. An adaptive 
crossover operator is designed to enhance the global 
search capability of GA in our algorithm: 

c c0 1 /P P k G= −              (13) 
Thus we crossover more frequently at the begin-

ning but crossover less later. 

3.4.3  Gaussian mutation 
A kind of Gaussian mutation operator is used to 

enhance the local search ability around every peak 
value, which makes the individuals searched towards 
the best fitness. In the mutation operations, a random 
number accorded with normal distribution is used to 
replace the original genes. The random number Q ac-
corded with normal distribution N(m, s2) is obtained 
by a random number ( 1,2, ,10)iv i =  accorded with 
uniform distribution: 

10

1
5i

i
Q m s v

=

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
∑           (14) 

When the chromosome 1 2 i nX X X X X=  
becomes 1 2 i nX X X X X′=  by Gaussian mutation 
and the search region of gene iX  is ( ) ( )

maxmin[ , ]k k
iiu u , we 

have 
( ) ( )

maxmin

2

k k
iiu u

m
+

=            (15) 
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k k
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The new gene iX ′  will be 
( ) ( ) ( ) ( ) 10

max maxmin min
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k k k k
i ii i
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u u u u
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3.5  Search region reduction 

The search region of the control variable u(i) is 
denoted by ( ) ( )

maxmin[ , ]k k
iiu u  ( 1,2, , )i n= . In this study, 

after each generation, the baseline for the search will 
be moved to the optimal value obtained in the previ-
ous search. Then the region reduction strategy is em-
ployed to reduce the search region: 

( 1) ( ) , 1,2, ,k k
i iw rw i n+ = =        (18) 

( ) ( 1)
( 1) b
min , 1,2, ,

2

k k
k ii

i
u w

u i n
+

+ −
= =     (19) 

( ) ( 1)
( 1) b
max , 1,2, ,

2

k k
k ii

i
u w

u i n
+

+ +
= =     (20) 

where r is the reduction ratio, 0.5<r<1; and ( )
b
k

iu  is the 
optimal control variable value obtained in the previous 
search. 

3.6  Steps of HIGA 

Figure 4 shows the flow chart of the hybrid genetic 
algorithm. The detailed steps of HIGA are as follows.  

Step 1. Initialize the population. The original 
population, including M individuals, is generated ran-
domly (M = 50-200). The current generation is de-
noted by k and k = 0 initially. The maximum evolu-
tionary generation is denoted by G. 

Step 2. Normalize the population. The normative 
knowledge regulates the search region. At the kth step 
of iteration, the feasible search space of the chromo-
some 1 2 nX X X X=  is ( ) ( ) ( ) ( )

max1 max 2min1 min 2{ , ; , ; ;k k k ku u u u  
( ) ( )

maxmin , }k k
nnu u . 

Step 3. Calculate objective function and individ-
ual fitness. 

Step 4. Execute the elitist strategy. The optimal 
individual and the worst individual are found accord-
ing to the individual fitness in the current population. 
Then, a new individual is added in the population by a 
mutation of the best individual, of which the mutation 
probability is 0.6. If the fitness of the new individual 
is larger than the worst one, the worst individual is 
replaced by the new one in Step 7. 

Step 5. Execute the adjustment operation in Sec-
tion 3.3 when k<0.05G. 

Step 6. Execute genetic operation including rou-
lette selection, adaptive crossover and Gaussian muta-
tion. The initial crossover probability is Pc0 and the 
mutation probability is Pm. 

Step 7. Add the optimal individual and new indi-
vidual reserved in Step 5 in the population after the 
selection, crossover and mutation. 

Step 8. Do the local search. Local search by SM 
is carried out every l iteration time ( 0.1l G=  and 0l =  
at first). The initial simplex is composed of the best q 
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individuals ( 0.1q M= ). SM is carried out for p times 
at most ( p = 10-30).  

Step 9. Reduce search region and judge whether 
it meets the loop termination conditions. If it is not the 
termination, turn to Step 2. 

4  CASE STUDIES FOR HIGA 

HIGA is applied to several cases to demonstrate 
its efficiency and effectiveness for dealing with dynamic 
optimization problems. For each case, 10 runs are 
taken, and the parameters of GA are 50M = , Pc0 = 0.5, 
and Pm = 0.1. The parameters of SM are 2α = , 

2.5η = , 3β = , 0.5γ = , and 1.5λ = . The maximum 
evolutionary generations G and the reduction ratio r 
vary in different cases. 

4.1  Case 1 

The math model of case 1 is described as  

( )1 2 2
0

1min ( ) d
2

J u x u t= +∫          (21) 

s.t.  d , (0) 10
d
x x u x
t
= − + = , 

*( ) 0.10( 2 1)exp( 2 ) 9.9( 2 1)exp( 2 )u t t t= + − − −  
(22) 

Eq. (22) is the optimal control profile obtained by Gong 
[27] on the basis of minimum theory, and the optimal 
value of objective is 19.2910. The optimal control 
profile is shown by dotted lines in Fig. 5. With iterative 
genetic algorithm (IGA), Zhang and Chen [15] obtained 
the values of 19.3869 (n = 10), 19.3869 (n = 20) and 
19.3016 (n= 30). We use HIGA to solve the problem and 
obtain the minimal values 19.2983 (n = 10) and 19.2930 
(n = 20). The optimal control profile is shown in Fig. 5. 

4.2  Case 2 

Case 2 is the temperature control for consecutive 

 
Figure 4  The flow chart of the hybrid genetic algorithm 
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reaction problem. The objective is to obtain the opti-
mal temperature profile that maximizes the yield of 
the intermediate product B at the end of the operation 
in a batch reactor, where the reaction A→B→C occurs. 
The math model is  

2 fmax ( ) ( )J T x t=            (23) 

s.t.  21
1

d 25004000exp
d
x x
t T

−⎛ ⎞= − ⎜ ⎟
⎝ ⎠

,  1(0) 1x = , 

22
1

2 2

d 25004000exp
d

5000620000exp , (0) 0

x x
t T

x x
T

−⎛ ⎞= −⎜ ⎟
⎝ ⎠

−⎛ ⎞ =⎜ ⎟
⎝ ⎠

 

with 298 398T≤ ≤  and tf = 1, where x1 is the con-
centration of A, x2 is the concentration of B, and T is 
the temperature (K). 

A value of 0.610775 for the optimum has been 
reported. With complex ant colony algorithm (CACA), 
Rajesh et al. [13] obtained a value of 0.61045. With 
IACA, Zhang et al. [17] obtained the values of 0.6100 
(n = 10) and 0.6104 (n = 20). We use HIGA to solve 
the problem and the maximal values 0.61007 (n = 10) 
and 0.61046 (n = 20). The optimal control profile is 
shown in Fig. 6.  

4.3  Case 3 

Case 3 is a nonlinear unconstrained four-state 
variable mathematical system. The math model is 

4 fmin ( ) ( )J t=u x            (24) 

s.t.  1
2

d ,
dt

=
x x   2

3
d 16 8
d

t
t
= − + −

x x u ,  3d
dt

=
x

u , 

2 2 2 24
1 2 2 3

d
0.0005( 16 8 0.1 )

d
t

t
= + + + − −

x
x x x x u , 

T(0) (0, 1, 5,0)= − −x ,  4 10u− ≤ ≤  

where tf = 1, x1, x2, x3, x4 are state vectors, and u(t) is 
the control vector. 

A value of 0.12011 has been reported to be the 
optimum. With CACA, Rajesh et al. [13] obtained a 
value of 0.12904. With IACA, Zhang et al. [17] obtained 
a value of 0.1235 at n = 16. We use HIGA to solve the 
problem and obtain the minimal values 0.12157 ( n =  
10) and 0.12092 ( n = 20). The optimal control profile 
is shown in Fig. 7. At n = 16, a minimal value 0.12114 
is obtained by HIGA, better than that with IACA. 

4.4  Case 4 

Case 4 is an unconstrained two-state variable 

            
(a) n = 10                                        (b) n = 20 

Figure 5  Optimal control profiles for case 1 

            
(a) n = 10                                         (b) n = 20 

Figure 6  Optimal control profiles for case 2 
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mathematical system. The math model is  

2 fmin ( ) ( )J t=u x             (25) 

s.t.  1d
dt

=
x u ,  2 22

1
d
dt

= +
x x u ,  T(0) (1,0)=x , 

where tf = 1, x1, x2 are state vectors, and u(t) is the 
control vector. 

For this case, a value of 0.76159 for the optimum 
has been reported. With CACA, Rajesh et al. [13] ob-
tained a value of 0.76238. We use HIGA to solve the 
problem and obtain the minimal values 0.76215 
( n = 10) and 0.76191 ( n = 20). The optimal control 
profile is shown in Fig. 8. 

All results for four cases are given in Table 1. 
The HIGA gives good results at an acceptable time 
interval partition number. At n= 10 or 20, the results are 
accurate enough, so the computation time is reduced. 

4.5  Discussion 

4.5.1  Performance analysis of local search 
The most efficient part in HIGA is the local 

search by SM. The performance of local search is il-
lustrated with four cases. In each case, simple GA, 
HIGA with and without local search are used to search 
for the optimal value at n = 10. All the algorithms use 
the same parameter settings. 

In case 1, at n = 10, the computing time of IGA 
reported is 12 s [17]. By HIGA without local search, it 

            
(a) n = 10                                      (b) n = 20 

Figure 7  Optimal control profiles for case 3 

            
(a) n = 10                                       (b) n = 20 

Figure 8  Optimal control profiles for case 4 

Table 1  Summary of results for four case studies 

Case Best Method Global optimum Relative error/%

1 19.2910 IGA [17] 19.3869 (n = 10) 5.21 

  IGA [17] 19.3869 (n = 20) 5.21 

  IGA [17] 19.3016 (n = 30) 0.055 

  HIGA 19.2983 (n = 10) 0.038 

  HIGA 19.2930 (n = 20) 0.010 

2 0.610775 CACA [13] 0.61045 0.053 

  IACA [17] 0.6100 (n = 10) 0.127 

  IACA [17] 0.6104 (n = 20) 0.061 

  HIGA 0.61007 (n = 10) 0.115 

  HIGA 0.61046 (n = 20) 0.052 

3 0.12011 CACA [13] 0.12904 7.43 

  IACA [17] 0.1235 (n = 16) 2.82 

  HIGA 0.12157 (n = 10) 1.22 

  HIGA 0.12114 (n = 16) 0.86 

  HIGA 0.12092 (n = 20) 0.67 

4 0.76159 CACA [13] 0.76238 0.104 

  HIGA 0.76215 (n = 10) 0.074 

  HIGA 0.76191 (n = 20) 0.042 
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also takes 12 s to obtain a value of 19.3024. By HIGA 
with local search, it takes 8 s to obtain the value of 
19.2983, which shows that HIGA provides better re-
sult at faster speed. The results obtained by different 
algorithms for case 1 are summarized in Table 2. Fig. 9 
shows the evolution process of the best objective val-
ue for three different algorithms. It is clear that the 
proposed hybrid algorithm is more precise than the 
simple GA. 

 
Figure 9  Objective functions with the number of genera-
tion for case 1 

 simple GA;  HIGA without local search;  HIGA 
with local search 

From the results above, in simple GA, the genetic 
process is slow and only small changes of the fitting 
error are observed between 250 and 500 cycles. In 
HIGA, when the loss of diversity is observed, the 
search process is continued by SM. Thus HIGA has 
much faster convergence speed and lower relative er-
ror. It is also clearly to see the advantage of local search 
from case 2 to case 4 in Table 3. 

4.5.2  Performance analysis on the adjustment of 
population 

To verify the performance of the “adjustment of 

population” in Section 3.3, the four cases are solved 
by HIGA with and without “adjustment of population”. 
In each case, n = 10 is used. For case 1, the max func-
tion evaluations are 9000 and 12000, respectively. For 
case 2, they are 17000 and 22000, respectively. For 
case 3, they are both 39000. The changing trend of the 
optimal control profile in case 3 is not monotonic, so 
the “adjustment of population” has no effect. For case 4, 
the max function evaluations are 28000 and 34000 
with and without “adjustment of population”, respec-
tively. Therefore, for problems that the changing trend 
of the optimal control profile is monotonic, the opera-
tion of the “adjustment of population” can reduce the 
function evaluations. 

4.5.3  Analysis of the improvements in HIGA 
In HIGA, SM is introduced to do local search for 

the best chromosome in the evolution process of GA. 
SM can enhance the search efficiency of GA by com-
pressing the search space and improve the local search 
ability. As shown in Section 4.5.1, the local search 
effectively improves the search speed of the algorithm 
and reduces the function evaluations. 

Elitism reservation strategy, adaptive crossover 
and Gaussian mutation are the improvements of the 
basic GA. In the new elitism reservation strategy, op-
timal individual is reserved to ensure global conver-
gence. The new individual is added to prevent prema-
ture and maintain the population diversity. Larger ini-
tial probability of crossover operator is the main way 
to get new individuals in the early evolution. If the 
probability of crossover operator is great in all genera-
tions, the good genes may be damaged at the later pe-
riod of evolution, increasing the possibility of random 
search. A new adaptive crossover operator is designed 
in HIGA. Gaussian mutation operator is used to en-
hance the local search ability around every peak value, 

Table 2  The performance of local search for case 1 

Method Optimum Relative error/% Time/s Max function evaluations 
IGA [17] 19.3869 5.21 12 16000 

simple GA 19.3179 0.139 19 25000 
HIGA without local search 19.3085 0.091 12 16000 

HIGA with local search 19.2983 0.038 8 9000 

Table 3  The performance of local search for cases 2, 3, and 4 

Case Method Optimum Relative error/% Time/s Max function evaluations 
2 simple GA 0.60949 0.211 36 40000 
 HIGA without local search 0.60995 0.135 24 28000 
 HIGA with local search 0.61007 0.115 19 17000 
3 simple GA 0.12341 2.75 88 100000 
 HIGA without local search 0.12269 1.80 54 58000 
 HIGA with local search 0.12157 1.22 36 39000 
4 simple GA 0.76249 0.118 67 75000 
 HIGA without local search 0.76239 0.105 44 46000 
 HIGA with local search 0.76215 0.074 27 28000 
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which makes the individuals searched towards the best 
fitness.  

With the evolution process, search region should 
be focused on the advantage area. The normative 
knowledge is used to regulate the search region in 
HIGA. At the beginning of the search, all control vari-
ables in the whole time interval have the same search 
region. However, in different time stages, the optimal 
control variables differ from one another. If the search 
region remains unchanged, it will increase the difficulty 
of finding the optimal solution, and the computational 
efficiency will decrease. In order to improve the con-
vergence rate, the search region is reduced in HIGA. 

5  APPLICATION TO FED-BATCH REACTOR 

A model for production of secreted protein in 
fed-batch bioreactor was reported by Park and Rami-
rez [28]. This problem deals with the optimal produc-
tion of secreted protein. It shows very low sensitivity 
of the control profile on the performance index, often 
leading to computational difficulties, in particular 
when gradient-based algorithms are used. The objective 
here is to maximize the secreted heterologous protein 
by a yeast strain in a fed-batch culture. The mathe-
matical statement is as follows. 

Mass balance equations are M
T
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Initial and operating conditions are F 20S = , 

M (0) 0P = , T (0) 0P = , (0) 1X = , (0) 5S = , (0) 1V = , 
0 2.5F≤ ≤ , and tf = 15 h. 

The objective function is max J =PM(tf)V(tf). 
In above equations, PM is the concentration of the 

secreted protein (g·L−1), PT is the total protein (g·L−1), 
X is the culture cell density (g·L−1), S is the substrate 
concentration (g·L−1), V is the holdup volume (L), F is 
the nutrient feed-rate (L·h−1), SF is the concentration 
of the substrate in the feed stream (g·L−1), and J is the 
mass of protein produced (g). 

Tholudur and Ramirez [29] used a modified IDP 
(FIDP) to obtain the value 32.31-32.41 (n = 50) and 
32.40-32.47 (n = 200). Balsa-Canto et al. [30] used 
second order information (SOI) to obtain the value of 
32.028 (n = 15). And with the restricted second order 
method (RSOM), Balsa-Canto et al. [31] obtained 
values of 32.388 (n = 40) and 32.480 (n = 320). Sarkar 
and Modak [32] used a hybrid artificial neural    

network/simulated annealing algorithm (ANNSA) and 
obtained 30.894534 (n = 7), 32.359190 (n = 10) and 
32.414095 (n = 13). With Chaos PSO (CPSO), Mo et 
al. [33] obtained 32.4249-32.4541 (n = 20). 

Time interval partition number of some of these 
algorithms is very large, which makes the control op-
eration complex and difficult. In actual industrial 
productions, operational variables should not change 
frequently. However, if time interval partition number 
is too small, the optimal value may be unsatisfactory. 
Taking into account the efficiency and accuracy, we 
divide the time interval into 20 equal parts. HIGA is 
carried out for 10 times, with the worst value of 
32.4368 and the best optimal value of 32.4559. Fig. 10 
shows the optimal feed-rate found by HIGA. 

 
Figure 10  The optimal nutrient feed-rate 

The number of function evaluations reported for 
this problem is 652001 to 6734001 for ANNSA and 
8000000 for CPSO, which is very large. The number 
of objective function evaluations of HIGA is about 
500000. Table 4 shows that HIGA has advantages in 
calculation and computational cost. 

Table 4  Results for fed-batch reactor problem 

Method Optimal value Max function evaluations

FIDP [29] 32.31-32.41 (n = 50) not reported 

FIDP [29] 32.40-32.47 (n = 200) not reported 

SOI [30] 32.028 (n = 15) not reported 

RSOM [31] 32.388 (n = 40) not reported 

RSOM [31] 32.480 (n = 320) not reported 

ANNSA [32] 30.894534 (n = 7) 674801 

ANNSA [32] 32.359190 (n = 10) 652001 

ANNSA [32] 32.414095 (n = 13) 6734001 

CPSO [33] 32.4249-32.4541 (n = 20) 8000000 

HIGA 32.4368-32.4559 (n = 20) 500000 

6  CONCLUSIONS 

A hybrid improved genetic algorithm, HIGA, for 
solving dynamic optimization problems is proposed  
in this paper. The approach is a reliable and useful   
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optimization tool for solving such problems. Local 
search strategy is added into GA, so that the search 
speed and precision is enhanced. This improves the 
convergence of the algorithm. The efficiency of HIGA 
is demonstrated with several dynamic optimization 
problems. The results show that our proposed algo-
rithm is robust and efficient. At last, HIGA is used to 
maximize the production of secreted protein in 
fed-batch bioreactor and the optimal feed-rate found 
by HIGA is effective and relatively stable. 

NOMENCLATURE 

d d-dimensional space 
i ith time stage 
f fitness of individuals 
G the maximum evolutionary generation 
J performance index 
j jth individual 
k current generation 
l iteration times to do local search 
M number of individuals in original population 
m expectations of the normal distribution 
n predefined number of time interval divided 
Pc crossover probability 
Pm mutation probability 
Ps probability of individuals being selected 
p times to carry out the simplex method 
Q a random number 
q number of individuals in the initial simplex 
r reduction ratio 
s standard deviation of the normal distribution 
t0 inial time 
tf final time 
u control variables 
uib optimal control variable value obtained in the previous searching 
uimax upper limit of feasible region 
uimin lower limit of feasible region 
v a random number 
w search width 
XB vertex with the best evaluation 
XC centroid of vertexes 
XE expansion vertex 
XO other vertexes except the best vertex 
XR reflection vertex 
XS contraction vertex 
XW vertex with the worst evaluation 
x state variables 
α constant 
β constant 
γ constant 
η constant 
λ constant 
Φ penalty function 
φ differential equation constraints 
φ algebraic equation constraints 
Ψ function 
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